The solution to the linear problem of axisymmetric thermocapillary motion of two non-miscible viscous fluids in a cylindrical tube is presented. Their common interface is fixed and undeformable. This problem is an inverse problem because pressure gradients are unknown functions. The solution of the non-stationary problem is presented in the form of analytical expressions. They are obtained with the use of the method of Laplace transformation. If the wall temperature is stabilized then the general solution tends to the stationary solution as time increases. Numerical calculations confirm the theoretical results.
Problem statement
The axisymmetric motion of viscous thermally conducting fluid in a cylindrical system of coordinates is described by the Navier-Stocks equations u 1t + u 1 u 1r + v 1 u 1z + 1 ρ p r = ν ∆u 1 − u 1 r 2 , (1.1)
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where u 1 (r, z, t), v 1 (r, z, t) are the projections the velocity vector on the axes r, z; p(r, z, t) is the pressure; θ(r, z, t) is the deviation of the temperature from the equilibrium value; ∆ = ∂ 2 /∂r 2 + r −1 ∂/∂r + ∂ 2 /∂z 2 is the Laplace operator, ρ, ν, χ are density, kinematic viscosity and thermal diffusivity, respectively.
System of equtions (1.1)-(1.4) admits of subgroup of four-dimensional continuous transformations [1] . They are generated by the operators ∂ z , t∂ z + ∂ v1 , ∂ p , ∂ θ . Their invariants are t, r, u. Therefore, partially invariant solutions of rank 2 and 3 should be sought in the form [2] u 1 = u 1 (r, t), v 1 = v 1 (r, z, t), p = p(r, z, t), θ = θ(r, z, t).
(1.5)
In this case, it follows from the equation of conservation of mass (1.3) that v 1 is a linear function of z: v 1 = w(r, t)z + w 1 (r, t).
(1.6) Moreover, we have rw + (u 1 r) r = 0.
(1.7)
The momentum equations (1.1), (1.2) give us the following relations
with arbitrary functions h(t) и l(t).
We use solutions (1.5)-(1.9) to describe the motion in a cylindrical tube of radius b with the fluid-fluid interface at a < b. We assume for simplicity that w 1 = 0 in (1.6). If to write down the problem in dimensionless form, then the nonlinear term will stand Marangoni number M = aeθa 2 /ρνχ. It is assumed that M ≪ 1, that is last performed in thin layers or a very high viscosities. As a result, we obtain the following problem
w 1 (r, 0) = w 10 (r), w 2 (r, 0) = w 20 (r), (1.12)
Assume that the surface tension linearly depends on temperature:
It is obvious that for the temperature we have following representations
Taking into account (1.15), the second boundary condition (1.13) can be rewritten as
Functions a j (r, t), b j (r, t) satisfy the following equations
It is necessary to add conditions of the boundedness of w 1 (r, t), a 1 (r, t), b 1 (r, t) at r = 0 and no-slip conditions at r = b:
(1.23)
The last two relations follow from equation (1.7). They allow us define the functions h 1 (t) and h 2 (t) if function a 1 (r, t) is known. So at first we find functions a j (r, t). Taking into account (1.16) and boundary conditions (1.14), we write
(1.24)
Functions b 1 (r, t) and b 2 (r, t) admit similar conditions. In addition, on the solid wall r = b the temperature is given:
, where functions α(t) and β(t) are known. This means that
The stationary solution
Let us assume that all functions do not depend on time. Then from (1.18)-(1.20), (1.24), (1.25) we find that a
where
The dependence of velocity components on r is given by formulas
Solution of the problem by the method of the Laplace transform
To solve linear adjoint problems one can use the Laplace transform [3] . It is defined as follows
Then the problem is reduced to a boundary value problem for ordinary differential equatioñ
a 2 (b, s) =α(s).
(3.4)
General solution of equations (3.2), (3.3) can be represented in the form (the condition of boundedness ofã 1 at r = 0 is taken into account)
where I 0 (x), K 0 (x) are modified Bessel functions of the 1st and 2nd kind. The quantities C 1 , C 2 and C 3 are determined from boundary conditions (3.4)
, (3.7)
,
When t → 0 we have I 0 (t) ∼ 1 + t 2 /4, K 0 (t) ∼ − ln(t/2), I 1 (t) ∼ t/2 + t 3 /16, K 1 (t) ∼ 1/t + t ln(t/2)/2 and
Therefore from (3.6)-(3.8) we obtain
This means that function a j (r, t) tends to constant value as time increases [3] . Let us turn to the definition of the functionsw j (r, t). The motion arises only under the action of thermocapillary forces, that is, initial conditions (1.12) are zero: w j0 (r) = 0, j = 1, 2. Then for the imagew j (r, s) we have the following boundary value problem
11)
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Then taking into account (3.16), (3.18 ) and the second and third relations (3.15), we find 
After some complicated mathematical treatment the limiting equalities
are proved. This means that the solution tends to the stationary solution as time increases. Figs. 1, 2 show the dimensionless function w j = a 2 w j /ν 1 for silicon-water system at temperature of 20 o C. Fig. 1 presents the case when α(τ ) = sin (10 −2 τ ), where τ = a 2 t/ν 1 -is the dimensionless time that is α(τ ) does not have limit by τ → ∞. Thus, the solution with time growth does not converge to stationary. Fig. 2 shows the case when α(τ ) = 1 + e −τ sin (τ ).
Remark 1. The problem of determination of the imageb j (r, s) is similar to problem (3.2)-(3.4). One need to replace −a j0 (r) with −b j0 (r) − 2ã j (r, s) andα(s) withβ(s). Thus, these functions can be found with the use of (3.5)-(3.8).
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